Complexity and nonlinear behaviors of inverted pendulum system make its control design a very challenging task. In this paper, a hybrid fuzzy adaptive control system using model reference approach is designed to control inverted-pendulum system. First, Lagrange model is used to develop the mathematical model of the system. Moreover, an adaptive fuzzy control system is developed to achieve position control and later simultaneous control of position and pendulum angle in the same control loop. The control algorithm is investigated to achieve control of objective of reference tracking, disturbance rejection and robustness to parameter variation. The performance of the proposed control scheme was compared with PID and LQR controllers, which numerical simulation show that the proposed control scheme provides high-performance dynamic characteristics and is robust with regard to parametric variations, disturbance and reference tracking.
I. INTRODUCTION
Inverted pendulum system (IPS) is used extensively for teaching and research purposes, because of its nonlinear and unstable dynamic behaviours. These properties makes its control design a very challenging and a good benchmark of testing various control methods, ranging from conventional control to intelligent based control methods. Effective control design is very essential in an inverted pendulum system, for its application in humanoid walking control robots [1] [2] [3] [4] [5] .
A lot of researchers have worked in addressing control problems associated of with the system. Hassan and Ling [6] proposed a PID controller for linear model of IPS to achieve independent control of cart position and angular position, the control design gives a very good steady state response. Jing et al. research cited as [7] "Design and Simulation of Fractional Order Controller for An Inverted Pendulum System" proposed a fractional order based PID controller for position and angular controls on linear model of IPS outperforms conventional PID control in terms of less overshoot and faster convergence. Yim et al. [8] applied PID control to stabilize IPS, the stability was achieved by careful tuning of controller parameters. Andrew [9] applied state feedback controller to achieve rod angle stabilization during strategic movement of the cart. Kumar et al. [10] Develops linear quadratic regulator control for IPS position and angular controls, in which the result showed LQR superiority as compared to state feedback and PID controllers. Sethi et al [11] compares model reference based Adaptive PID and fractional order for angular control of IPS, the result showed that fractional order based adaptive PID controller in terms of less overshoot, settling time and MSE Moreover, a lot of researches on intelligent control are done to achieve stabilisation control of an inverted pendulum system. Lukuman and Magaji [3] ISSN: 2449 -0539 BAYERO JOURNAL OF ENGINEERING AND TECHNOLOGY (BJET) VOL. 14 NO.2, pp 200-208, AUG, 2019 202 Also available online at https://www.bayerojet.com compares GA tuned PID with conventional PID for position and angular control of IPS in which GA based PID outperform conventional PID in terms of settling time, rise time and overshoot. .Suresh et al. [12] developed fuzzy based model reference adaptive (MRAC) controller to control angular position of linear model of IPS, performance of the proposed controller was compared with conventional MRAC controllers, the result showed that (FMRAC) outperformed the conventional controllers in terms of delay time, rise time and settling time. Saifzul et al. [13] Propose self-erecting control on real system using T-S fuzzy with Adaptive Neuro-fuzzy inference designed based linear model using 16 fuzzy rules, the result showed the system's stability was guaranteed and experimental results proves effectiveness of the method. Fallahi et al. [14] demonstrated the effectiveness of Adaptive base NN PID controller in pendulum angle control of IPS over conventional PID controller in terms reference tracking and disturbance rejection. Mishra et al. [15] Compares fractional order PID and full order PID controllers optimized with GA for pendulum angle position of IPS, the performance of the controllers was assessed based minimization of the objective functions, and the result showed that fractional order based PID outperformed the full order one. The controllers studied above were applied on linear model of IPS; there performance might be limited around the operation points.
Manis et al. [16] presents a robust control strategy for IPS with uncertain disturbances using sliding mode control (SMC), integral based sliding mode (ISMC) controller was used to address tracking angle control of the system, the numerical simulation showed that ISMC is more robust to disturbance and more accurate as compared to conventional SMC super twisting SMC. Parsad et al. [17] applied LQR and PID to control nonlinear dynamical model of an inverted pendulum system, in which the simulation results shows that LQR has a comparative advantage over the PID based control system. Similarly, intelligent controllers were applied on nonlinear inverted pendulum system. For example, Ahmad et al. [18] Designed interval type-2 fuzzy logic controller (IT2-FLC) for nonlinear IPS and compares it with type-1 fuzzy PD controller for pendulum angle control. The simulation result showed that interval type-2 fuzzy logic controller has a good performance over wide range of uncertainties and external disturbances.
The goal of this paper was to design effective control scheme that can guarantee robustness external disturbance/parameter variation and reference tracking. This paper is organised as follows: Section II presents the structure and mathematical model of Inverted pendulum system and linearization at operating condition. System's control assessment is investigated in Section III, in order to buttress the control efficiency of the proposed scheme, linear quadratic regulator and PID control design is presented in Section IV so as to compare the performance of the prosed control method.
Numerical simulation results of an invertedpendulum system under the possible occurrence of uncertainties are provided to demonstrate the robust control performance of the proposed control system in Section V. Result of numerical simulation will be presented in section VI, while Conclusions are drawn in Section VII.
II. MATHEMATICAL MODEL AND LINERASATION OF INVERTED PENDULUM SYSTEM
The model of inverted pendulum cart was obtained using Lagrange method, which is one of the modelling methods used for dealing with complex systems. Fig. 1 . Inverted Pendulum System [17] The generalized coordinate of the system are ( ) and ( ). Therefore, Lagrange equation of the system is by: Also available online at https://www.bayerojet.com Therefore ( ) dynamics can by written as:
Similarly, ( ) dynamics can be written by applying:
Therefore ( ) dynamics can by written as:
Equation (3) and (5) can be simplified as:
Our major concern is to keep the pendulum in the upright position around ( ) = 0, the linearization might be considered about this upright about equilibrium point. The linear model for the system around the upright equilibrium point is derived by simply linearization of the nonlinear system given in ( ) = 0 ( ) → ( ) ( ) → 1 ̇2 ( ) → 0 Therefore equation (6) 
III. SYSTEM'S CONTROL ASSESMENT
The system's behaviour was asssessed based on it's parameters shown in Table I , and it was found to be state controrablle, observable and unstable.
IV. LINEAR QUADRATIC REGULATOR AND PID CONTROL DESIGN
The main objective of optimal control theory is to determine control signals that will cause a process (plant) to satisfy some physical constraints and at the ISSN: 2449 -0539 BAYERO JOURNAL OF ENGINEERING AND TECHNOLOGY (BJET) VOL.14 NO.2, pp 200-208, AUG, 2019 204 Also available online at https://www.bayerojet.com same time minimise a chosen performance criterion (performance index or cost function) given by:
Where and are positive semi-definite and positive definite matrices respectively. The LQR gain vector is given by:
Where is a positive definite symmetric constant matrix obtained from the solution of matrix algebraic Riccati equation (ARE)
The overall optimal control law is given by: While, This controller is commonly developed using three terms namely, proportional term, differential term and integral term combined together in a linear form [19] . The PID model in time domain is given as follows:
Where ( )and ( ) are control and error signals respectively. Similarly, , and are proportional, integral and derivative constants respectively. The proportional term of PID reduces error due to disturbance; integral term eliminates steady-state error and the derivative term dampens the dynamic response, and hence improving the system stability. 
V. HYBRID ADAPTIVE FUZZY CONTROLLER DESIGN
This section consist madel based adaptive control design and PI-D based fuzzy controller
A. Adaptive Control Design
Generally, adaptive controller is a kind of a controller that can modify its behaviour in response to changes in the dynamics of the process and disturbance. 
The adjustable parameter equation based on the given cost function is given by:
The chosen control law is given by:
Where:
In laplace form, the plant output can be written as:
Therefore:
We can apply equation (13), to obtain error model as:
Based on the above equations adjustable parameters can be written as:
B. Fuzzy Control Design
Basic fuzzy controller consists of four functional basic blocks. These blocks include fuzzification, rule base, inference mechanism and defuzzificationA fuzzification is a conversion of crisp inputs into fuzzy membership values that are used in the rule base in order to execute the related rules so that an output can be generated, while inference mechanism represents the expert's decision making in interpreting and applying knowledge about how to control the plant. A defuzzification interface converts the conclusions of inference mechanism into the crisp control input for the process. A block diagram of fuzzy control system is shown in Figure 6 . In this controller, variables are divided into input and output. This controller uses two input variables ( + )( ) and Change in error ∆ ( ) one output variable ( ).
The inputs to the FLC inputs has to be fuzzified. This is carried out using a membership function which maps the crisp inputs into a fuzzy set. In this 
Membership Function
This research proposed co-opting the PID controller with intelligent adaptive based fuzzy controller so at as to improve the control efficiency and resolution. Simulink diagram of the prosed hybrid controller is shown Fig. 6 .Therefore, the overall output of the proposed hybrid controller is given by:
Where: PID controller constants are shown in Table 2 as follows: 
A. Cart Position Control
The simulation was carried out with a step input signal as the desired position of the cart. Fig. 7 showed system response of the developed position controllers at no disturbance, it can be seen that the three controllers performs satisfactorily in positioning the cart to the desired position. Similarly, the velocity response of the cart at no disturbance is shown Fig. 8 , controllers efforts was in Table V presents the performance of the controllers. It can be seed that the proposed controller outperforms LQR and PID Controllers respectively, because its velocity becomes constant quickly with less overshoot.
The pendulum is disturbed by an external signal simulated in a form of random noise through its control input, while simulating the model. Fig. 9 showed the simulation result, which showed the proposed controller to be more robust to disturbance than the conventional controllers. The effect of the pendulum disturbance was also investigated on the velocity response of the cart. Fig.  10 showed the in fact of controllers on velocity response in Table VI , which showed that the proposed controller is more robust to disturbance than the conventional controllers.
The performance of the proposed controller was also compared with that of the conventional controller due to parameteric variation at a step command by increaing the mass of the cart by 20% . Fig. 11 and shows the simulation result, which shows that the LQR controller fails to balance the stabilise the position of the while the proposed controller stablise the cart effectively. The velocity response and performance of the cart was in Fig. 12 and Table VIII respectively. It can be observed that the proposed showed superior rubusteness to paramere variation in comparison to conventional controllers. If fact LQR controlled system cannot produce enough control energy to giveout constant velocity. 
A. Simulateneus Control
This section presents numerical simulation of cart's position and pendulum angle control in the same control loop. The developed controllers are expected in stabilise pendulum rod vertically up right at a particular reference cart position set at 0.3 meters, the simulation was carried out and system response was shown in Fig. 17 and Table IX showed the performance indices of the developed controllers. It can be seen hybrid adaptive controller is more efficient in tracking command reference signal, for it shorter settling time and less overshoot. Pendulum angle response is shown in Fig. 18 , it can be observed that hybrid adaptive fuzzy controller quickly stabilises the pendulum in the vertically upright position, followed by PID controller and later LQR. Table X summarised the performances indices of the developed controllers. Fig. 19 showed the cart's position response under the influence of disturbance. Table XI showed the performance of controllers in the presence of disturbance. It wase observed that proposed hybdrid fuzzy controller is more rubust to disturbance as compared PID and LQR controllers. Fig. 20 dipicts pendulum angle response in the presence disturbance, which showed that hybrid adaptive fuzzy controller quickly stabilises the pendulum in the vertically upright position, followed by PID controller and later LQR. Table XII summarised the performances indices of the developed controllers. Rubustness to parameter variation was assesd by increasing pendulum length by 5% and mass of the cart by15%.
Systems's response shown in Fig. 21 presents controllers performance, which showed the rubustness the proposed control over the conventional control methods due to parametric variation as summarised Table XIII. Pendulum angle response due to parameter shown in Fig. 22 , it is observed that hybrid adaptive fuzzy controller quickly stabilises the pendulum in the vertically upright position, followed by PID controller and later LQR as shown Table XIV. The numerical simulation showed the effectiveness of the proposed control over the conventional controllers in terms shorter settling time, less overshoot and robustness to disturbance/parameter variation. Fig. 23 and Fig. 24 showed the variation of settling time and overshoot for cart's position control in accordance with testing conditions and control methods. 
VII. CONCLUSION
The mathematical model of inverted pendulum system was derived and system control behaviour was also assessed. Adaptive based fuzzy controller was applied on nonlinear model of test system so at invesgitate the control efficiency of proposed method. The performance of the control scheme was invesigated through numerical simulations with MATLAB, the control system was tested at various testing conditions; the result was compared with convetional controllers natabley PID and LQR controllers.The first section presents numerical Also available online at https://www.bayerojet.com simulation cart position and performace indices of the proposed controllers. Intelligent adaptive Fuzzy controller is faster than PID controller, because it takes 54% PID's and 56% of LQR's settling times to tracks the desired position at no disturbance. Also the overshoot value of the proposed controller is 3.45%,18.8% of PID and LQR controllers respectively at the same testing condition. disturbance was applied to the system so as to asses Disturbance rejection capacity, fuzzy based control showed rubustness over the conventional controllers, because it takes 53% PID's and 49% of LQR's settling times to tracks the desired position in the presence of disturbance,similarly, overshoot value of the proposed controller is 4.2%,23.1% of PID and LQR controllers respectively.Rubustness to parameter variation was also invegitated, which proves the propsed control more rubust to parameter variation for its adaptive nature.
Second section the simulation presents simutaneus control cart's position and pendulum angle position in same control loop. Performance of the developed controllers was compared at different testing conditions as shown in section V. Fuzzy adaptive based control at no disturbance condition proves to be fast in response because it takes 67%, 83% of LQR's and PID's settiling time, similarly, overshoots value is less as compared to PID and LQR controllers. Fuzzy controller takes 97.07%,10.5% of overshoot value of LQR and PID controllers.
Disturbance rejection capacity was also assesed, it was shown that the proposed control method is more efficient in terms of settiling time and overshoot. Fuzzy controller takes 73% of LQR and 88.2% of PID settiling time's to settile to it's final value.
Conclusively, the proposed control scheme is more accurate in reference tracking, faster in response and more robust to disturbance.
